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ABSTRACT A general analytical description of the equilibrium and reaction kinetics of DNA multiplex hybridization has been
developed. In this approach, multiplex hybridization is considered to be a competitive multichannel reaction process: a system
wherein many species can react both speciﬁcally and nonspeciﬁcally with one another. General equations are presented that
can consider equilibrium and kinetic models of multiplex hybridization systems comprised, in principle, of any number of targets
and probes. Numerical solutions to these systems for both equilibrium and kinetic behaviors are provided. Practical examples
demonstrate clear differences between results obtained from more common simplex methods, in which individual hybridization
reactions are considered to occur in isolation; and multiplex hybridization, where desired and competitive cross-hybrid reactions
between all possible pairs of strands are considered. In addition, sensitivities of the hybridization process of the perfect match
duplex, to temperature, target concentration, and existence of sequence homology with other strands, are examined. This
general approach also considers explicit sequence-dependent interactions between targets and probes involved in the
reactions. Sequence-dependent stabilities of all perfect match and mismatch duplex complexes are explicitly considered and
effects of relative stability of cross-hybrid complexes are also explored. Results reveal several interdependent factors that
strongly inﬂuence DNA multiplex hybridization behavior. These include: relative concentrations of all probes and targets;
relative thermodynamic stability of all perfect match and mismatch complexes; sensitivity to temperature, particularly for
mismatches; and amount of sequence homology shared by the probe and target strands in the multiplex mix.
INTRODUCTION
Historically, theoretical and experimental studies of the
equilibrium melting (or hybridization), and kinetics of short
duplex DNAs have primarily focused on ‘‘simplex’’ reac-
tions wherein two short single strands, whose sequences are
perfectly complementary, anneal to form a perfectly matched
Watson-Crick (w/c) basepaired duplex. Simplex melting
experiments of short duplex DNAs, with well-deﬁned se-
quences, and theoretical descriptions of the melting process,
have been an active subject of study for over 25 years (1–11).
Systematic studies of the melting stability of short duplex
DNAs with different sequences have provided evaluations of
nearest-neighbor thermodynamic stability parameters that
enable prediction of the thermodynamic stability of a short
duplex from its basepair sequence (1,8,9). These parameter
sets are commonly used in the design of probes and primers
having desired hybridization and stability properties for
diagnostic assays. Similarly, kinetic studies of the annealing
(or hybridization) of two perfectly matched single strands to
form a duplex, have been performed and have provided
analytical descriptions of the simplex hybridization process.
These have provided evaluations of the kinetic rate con-
stants, and other parameters, describing hybridization kinet-
ics of short DNAs (12–23).
Although parameter values determined from kinetic and
equilibrium analysis of simplex reactions have been quite
useful in facilitating improved predictions of the sequence-
dependent melting and kinetic behaviors of homogeneous
solutions of short duplex DNAs and their relative sequence-
dependent stability, more accurate parameters alone are
insufﬁcient to provide realistic descriptions of multiplex hy-
bridization reactions, i.e., when more than one duplex is
present in the same solution. There are several additional,
essential components of multiplex hybridization reactions
that must be considered, which make them remarkably dif-
ferent from more common simplex reactions. These are im-
portant considerations as multiplex hybridization forms the
basis of many modern nucleic acid diagnostic reactions.
Nucleic acid diagnostic assays based on multiplex hybrid-
ization have the potential to revolutionize genomic research
and genetic medicine (24–31). Multiplex assays can be per-
formed on microarrays or in solution via various iterations of
the polymerase chain reaction (32–42). These assays offer
never-before-imagined capabilities for systematic high through-
put screening, discrimination, and analysis of large numbers
of DNA (and RNA) sequences. Despite the vast and important
applications of multiplex hybridization in nucleic acid diag-
nostics, there have been relatively few studies aimed at gaining
a better understanding of the actual hybridization reactions that
can occur in mixtures containing more than two strands.
As stated above, the majority of studies of melting (or
hybridization) reactions of short duplex DNAs have been
performed primarily on equimolar mixtures of two single
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strandswhose sequences are perfectly complementary. Excep-
tions are studies of solutions containing a single species of a
linear or circular self-complementary single strand for the
purpose of evaluating DNA sequence-dependent stability
parameters, and examining intramolecular hairpin stability
(43–45), and studies performed for the purpose of investi-
gating the thermodynamic parameters of single basepair
mismatches (1,9,46), bulged loops (47–49), or multiple strand
mixtures, such as triplexes and quadruplex (50). Melting
studies of mixtures of more than two strands in solution,
which can form both perfect match and mismatch duplex
complexes, have suggested that sequence-dependent inter-
actions in tandem mismatches might contribute to the sta-
bility of mismatch hybrid duplex complexes (51). For this
and other reasons described herein, when multiple strands
meant to form perfectly matched duplexes are present to-
gether in a reaction mix, it cannot be presumed that each pair
of strands will form the appropriate duplex, exclusively, in the
sameway theywould in isolation, in the absenceof the inﬂuence
from other single strands (and duplexes). Several additional
essential featuresofmultiplexhybridizationmust be considered.
These considerations are associated with the signiﬁcant prob-
ability of formation of mismatch hybrids (cross-hybridization)
brought about by sequence homology with other strands and
sequence-dependent stability of mismatch basepairs.
Existing nucleic acid platforms and analysis procedures con-
tinue to be improved and new technology platforms prom-
ising higher sensitivity and more highly reproducible results
are being developed to the point of providing reliable quan-
titative measurements (16,17,52–54). Along with these devel-
opmental improvements, it is essential that an analytical
foundation be established that will enable formulation and sup-
port of robust and realistic models of multiplex hybridization.
In turn, these will facilitate enhanced design, analysis, and
optimization of nucleic acid multiplex diagnostic assays.
Several authors have recognized the necessity of consid-
ering multiple hybridization reactions simultaneously and
demonstrated, in several simple cases, generally dramatic
effects associated with the potential of multiple two-strand
interactions (55,56). As might be expected, these studies
have pointed out that interactions between each probe:target
pair cannot be assumed to occur as separate events. These
studies suggest the essential importance of considering
competitive reactions in a multiplex hybridization reaction
mixture in a multichannel-systems manner.
For the case of hybridization on microarrays, a formal ap-
proach to modeling the hybridization of targets with probes
afﬁxed to a surface involves two distinct phases (16,22,
56,57), termed ‘‘transport’’ and ‘‘reaction.’’ The transport
phase involves diffusion of target strands across the probe
surface. The reaction phase involves the reaction (binding
and dissociation) kinetics between targets and probes at the
surface. For the latter, once targets have diffused to the
interaction zone, reaction kinetics dominates the process, and
effects of sequence-dependent interactions become quite
signiﬁcant. If the target concentration is sufﬁciently in excess
of the probe concentration, to the point where encounters
between all targets and probes are equally likely, then the
entire process is dominated by the reaction phase. The de-
velopment presented here considers only the reaction phase
of the multiplex hybridization process.
Model systems studied so far have discovered complica-
tions associated with competition and cross-hybridization
between two and three strands in the same reaction, and
anticipated added complexities associated with competition
between multiple-strand interactions in multiplex mixes
(55,56). However, general descriptions of the equilibrium
and kinetic behaviors of DNA multiplex hybridization reac-
tions, containing any number of probes and targets, have not
been presented. To model multiplex hybridization reactions
in a completely general way, we have developed a systems-
analysis approach involving collective consideration of mul-
tiple reactions and the simultaneous solution for individual
products of speciﬁc reactions. In the development presented
here, multiplex hybridization is considered to be a compet-
itive, multichannel, reaction process: a system wherein many
species can react both speciﬁcally and nonspeciﬁcally with
one another. General equations are presented supporting
both equilibrium and kinetic models of multiplex hybridi-
zation systems comprised, in principle, of any number of
targets and probes. Practical examples demonstrate clear
differences between simplex and multiplex hybridization
and sensitivity of the hybridization process of perfect-match
duplexes to temperature, target concentration, and existence
of sequence homology with other strands.
This article is presented in the following sections. In
Theoretical Approach, our general theoretical approaches are
presented. Both equilibrium and kinetic models are de-
scribed, and their analytical solutions are provided. Example
Calculations contains the results of a number of comparisons
of examples of simplex and multiplex calculations, and their
sensitivity to temperature, sequence homology, and stability
of mismatch hybrid duplexes. In Comparisons with Previous
Work, comparisons to relevant published works are pro-
vided. The ﬁnal section (Conclusions) summarizes our major
ﬁndings and provides conclusions.
THEORETICAL APPROACH
Equilibrium statistical thermodynamics
Consider a population of DNA single strands at constant
temperature and pressure. For any molecular conﬁguration
adopted by these strands, i.e., single-strand intramolecular
hairpin or two-stranded duplex structure, the number of
microstates is given by the Gibb’s factor for that conﬁgu-
ration. For a speciﬁc conﬁguration, i, at approximately
constant solution volume, the Gibb’s factor or statistical
weight is given by swi ¼ e
DG0
i
RT , where DG0i is the standard-
state free energy of the ith conﬁguration. The standard-state
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free energy is given in terms of the differences of the standard-
state chemical potentials of the conﬁguration and the unstruc-
tured (melted) single strands from which it formed. For
example, for a duplex pitj formed from a probe pi and a target tj,
the standard-state free energy is given by
DG0pitj ¼ m
0
pitj
 m0pi  m
0
tj
;
where m0pitj , m
0
pi
, and m0tj are the standard-state chemical
potentials for the probe:target complex, and the individual
probe and target strands, respectively.
In this development, the reference state of the single
strands is deﬁned as the unstructured, unstacked (melted) sin-
gle strand. The reference state for the duplex can be deﬁned
in a number of ways. For example, as the nucleation complex
of two single strands in approximately the same orienta-
tion and volume as the fully duplex state, in the absence of
hydrogen-bonding or stacking interactions between the strands.
The system partition function Z is the sum of the statistical
weights for all possible conﬁgurations, i.e., Z ¼ +
i
swi. The
probability of an occurrence of conﬁguration i is then given
by P ¼ swi/Z.
Consider a multiplex system wherein a set of probes, pi, is
designed to speciﬁcally hybridize with particular targets, tj.
Implicit in such a speciﬁcity requirement is the potential for
error. This is necessarily so because, conceivably, every probe
and target strand may form either a perfectly matched w/c
duplex or a ‘‘degenerate’’ structure, i.e., a nonperfect match
hybrid duplex, or an intramolecular hairpin. The standard-
state free energies that deﬁne the statistical weights, and there-
fore the population of error states, depend explicitly on the
differences in their respective standard-state chemical potentials.
Chemical system
To model the ‘‘system’’ behavior of multiplex hybridization
reactions, a system of equilibrium reactions is assumed (see
Table 1) where, for example, pitjs is the ensemble of duplex
states that form from single strands pi and tj with equilibrium
constant Keqpitj . Similar deﬁnitions apply for the other
reactions. This formulation also considers, through the index
s, the possibility of microstates within each conﬁguration,
such that xs represents a speciﬁc microstate of the conﬁg-
uration, e.g., pitjs could represent an overlap duplex state of
a conﬁguration involving single strands pi and tj, where the
two strands might not be perfectly aligned at their ends. If
these microstates are not considered (as in formulation of the
kinetic model described later), s ¼ 1.
For the above equilibrium system, strand conservation for
the probe and target strands is given by
Cpi ¼ C0pi +
j;s
Cpitjs +
k;s
Cpipks  +
s 6¼1
Cpis; (1a)
Cti ¼ C0ti +
j;s
Cpitjs +
k;s
Cti tks  +
s 6¼1
Ctis; (1b)
where C0pi and C
0
ti
are the total concentrations of the probe
and target strands, respectively.
Now, the concentrations of the different reaction products
are given in terms of the equilibrium constants for their
formation:
Cpitjs ¼ KeqpitjsCpiCtj ¼ CpiCtjexp 
DG0pitjs
RT
 !
; (2a)
Cti tjs ¼ Keqti tjsCtiCtj ¼ CtiCtjexp 
DG
0
titjs
RT
 !
; (2b)
Cpipjs ¼ KeqpipjsCpiCpj ¼ CpiCpjexp 
DG
0
pipjs
RT
 !
; (2c)
Cpis ¼ KeqpisCpi ¼ Cpiexp 
DG
0
pis
RT
 !
; (2d)
Ctis ¼ KeqtisCti ¼ Ctiexp 
DG
0
tis
RT
 !
: (2e)
Deﬁne the following:
Keqx ¼
Y
s
Keqxs:
With these expressions, Eqs. 1a and 2b become
C
0
pi
¼ Cpi 1 +
j
K
eq
pitj
CpiCtj 1 +
j
K
eq
pipj
CpiCpj 1K
eq
pi
Cpi ; (3a)
C
0
ti
¼ Cti 1 +
j
K
eq
titj
CtiCtj 1 +
j
K
eq
tipj
CtiCpj 1K
eq
ti
Cti : (3b)
For simplicity, if target:target, probe:probe, and intramolec-
ular states in single-strand targets and probes are ignored,
i.e., Keqtitj ¼ Keqpipj ¼ K
eq
ti ¼ Keqpi ¼ 0, Eqs. 3a and 3b can be
combined to form the following system of coupled, nonlin-
ear equations:
Cti 11 +
j
K
eq
tipj
C
0
pi
11 +
l
KeqpjtlCtl
0
B@
1
CA1C0ti ¼ 0; (4a)
Cpi 11 +
j
KeqpitjC
0
ti
11 +
l
KeqtjplCpl
0
B@
1
CA1C0pi ¼ 0: (4b)
If there are NP probes and NT targets, and l goes from 1 to NT,
then Eq. 4a or 4b represents a system of NP1NT nonlinear
TABLE 1 Chemical reactions of microarray hybridization
Reaction Equilibrium constant Rate constants
pi1tj pitjs Keqpitj k
f
pi tj
krpi tj
pi1pj pipjs Keqpipj k
f
pipj
krpipj
ti1tj titjs Keqti tj kfti tjk
r
ti tj
ti thpi s K
eq
t
hp
i
kf
t
hp
i
kr
t
hp
i
pi phpi s K
eq
p
hp
i
kf
p
hp
i
kr
p
hp
i
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coupled equations. Given input values of C0pi and C
0
ti
, and the
equilibrium constants, Keqtipj and K
eq
pjtl
, a solution of this system
produces values of Cti , which can in turn be used to evaluate
the corresponding values of Cpi . These are then combined
with the particular equilibrium constants, Eq. 2, to determine
the duplex concentrations, Cpitj .
Multiplex hybridization kinetics
Consider a multicomponent system comprised of two
species types, i.e., probes pi, and targets tj. Each pi can react
with every tj forming a pitj complex or can react with each of
its counterparts of the same species, forming pipj and titj
complexes (for simplicity, we ignore hairpin formation as its
inclusion does not affect the results that follow). Each of
these individual reactions occurs with forward rate constants
kfpitj , k
f
pipj
, and kftitj and reverse rate constants, k
r
pitj
, krpipj , and
krtitj respectively (see Table 1). The forward rates constants
are assumed to be the same for all species, i.e., kfpitj ¼ kfpipj ¼
kftitj[ k
f .
It should be noted that this development concerns only the
‘‘reaction’’ kinetics of the hybridization process. That is, all
targets are available for interactions with all probes. It is
implicitly assumed that there are no diffusional barriers to the
reaction process. Under the umbrella of this assumption, in
combination with the above assignments, the fundamental
rate equations are as follows:
d
dt
Cpi ¼ +
M
j¼1
ðkrpitjCpitj  k
f
CpiCtjÞ
1 +
N
j¼1
ðdij1 1ÞðkrpipjCpipj  k
f
CpiCpjÞ; (5a)
d
dt
Ctj ¼ +
N
i¼1
ðkrpitjCpitj  k
fCpiCtjÞ
1 +
M
i¼1
ðdji1 1ÞðkrtitjCti tj  k
f
CtiCtjÞ; (5b)
and
d
dt
Cpipj ¼ kfCpiCpj  krpipjCpipj ; (6a)
d
dt
Cpitj ¼ kfCpiCtj  krpitjCpitj ; (6b)
d
dt
Cti tj ¼ kfCtiCtj  krti tjCti tj : (6c)
Here, Cpi is the concentration of the i
th probe (i # N), Ctj is
the concentration of the jth target (j#M), and Cpipj , Cpitj , and
Cti tj are the concentrations of the probe:probe (i, j # N),
probe:target (i # N, j # M), and target:target (i, j # M)
duplexes. The factor (dab11) is either 1 or 2, depending on
whether a 6¼ b or a ¼ b, respectively. After ignoring
repetition due to symmetries (Cpp and Ctt are symmetric), a
system of d ¼ (1/2)(N1M)(N1M15) equations is formed.
Observe that by combining Eqs. 5 and 6, the rate equations
for the single-strand probe and target concentrations can be
written as
d
dt
Cpi ¼ +
M
j¼1
d
dt
Cpitj  +
N
j¼1
d
dt
Cpipj 
d
dt
Cpipi ;
d
dt
Ctj ¼ +
N
i¼1
d
dt
Cpitj  +
M
i¼1
d
dt
Cti tj 
d
dt
Ctj tj :
If, for i# N and j#M, the functions Spi and Stj are deﬁned as
Spi ¼ Cpi 1 +
M
j¼1
Cpitj 1 +
N
j¼1
Cpipj 1Cpipi ; (7a)
Stj ¼ Ctj 1 +
N
i¼1
Cpitj 1 +
M
i¼1
Cti tj 1Ctj tj ; (7b)
then
d
dt
Spi ¼
d
dt
Cpi 1 +
M
j¼1
d
dt
Cpitj 1 +
N
j¼1
d
dt
Cpipj 1
d
dt
Cpipi ¼ 0;
d
dt
Sti ¼
d
dt
Ctj 1 +
N
i¼1
d
dt
Cpitj 1 +
M
i¼1
d
dt
Cti tj 1
d
dt
Ctj tj ¼ 0:
Thus, the functions Spi and Stj are constants with respect to
the time of reaction for the system, S. In fact, these functions
form a set of N1M independent constants. This allows the
reduction of the system S to the smaller system obtained by
performing the following substitution.
Let a solution toS be given with initial conditionsCpi ¼ C0pi ,
Ctj ¼ C0tj , Cpipj ¼ 0, Cpitj ¼ 0, and Ctitj ¼ 0. Then for all
time, t, SpiðtÞ ¼ C0pi and StjðtÞ ¼ C0tj . According to the deﬁ-
nitions in Eqs. 7a and 7b, and suppressing the variable t,
Cpi ¼ C0pi  +
M
j¼1
Cpitj  +
N
j¼1
Cpipj  Cpipi ; (8a)
Ctj ¼ C0tj  +
N
i¼1
Cpitj  +
M
i¼1
Cti tj  Ctj tj : (8b)
For convenience, denote the right-hand sides of Eqs. 8a
and 8b by C0pi  S
p
i and C
0
tj
 Stj, respectively. Then Eqs. 6a–
6c can be replaced by
d
dt
Cpipj ¼ kfðC0pi  S
p
i ÞðC0pj  S
p
j Þ  krpipjCpipj ; (9a)
d
dt
Cpitj ¼ kfðC0pi  S
p
i ÞðC0tj  S
t
jÞ  krpitjCpitj ; (9b)
d
dt
Cti tj ¼ kfðC0ti  S
t
iÞðC0tj  S
t
jÞ  krti tjCti tj : (9c)
Together with Eqs. 8a and 8b, these deﬁne an equivalent
system of N1M fewer equations.
Since the functions Spi and Stj are constant along solutions
to S, Eqs. 8a and 8b form a system of N1M independent
nonlinear equations, which is satisﬁed by the solution to S
with initial conditions of
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ðCp; Ct; Cpp; Cpt; CttÞ ¼ ðC 0p; C 0t ; 0; 0; 0Þ:
By continuity, any equilibrium point of S also satisﬁes this
system of equations. Thus, the search for equilibria of the
system S should begin with a search for solutions to this
system. The following relations are seen to hold at equilib-
rium points of S,
k
f
CpiCpj ¼ krpipjCpipj ; (10a)
kfCpiCtj ¼ krpitjCpitj ; (10b)
k
f
CtiCtj ¼ krti tjCti tj ; (10c)
or, if K eqxy ¼ k f=k rxy, where x and y are either pi or tj, then
K
eq
pipj
CpiCpj ¼ Cpipj ; (11a)
K
eq
pitj
CpiCtj ¼ Cpitj ; (11b)
K
eq
ti tj
CtiCtj ¼ Cti tj : (11c)
Thus, any equilibrium solution to S must be contained in the
set of common solutions to both systems of Eqs. 8 and 11.
These equations comprise the formal foundation of the so-
called equilibrium model for the hybridization of probes and
targets. In summary, the basic expressions are
Cpi ¼ C0pi  +
M
j¼1
Cpitj  +
N
j¼1
Cpipj  Cpipi ; (12a)
Ctj ¼ C0tj  +
N
i¼1
Cpitj  +
M
i¼1
Cti tj  Ctj tj ; (12b)
Keqpipj ¼
Cpipj
CpiCpj
; (12c)
K
eq
pitj
¼ Cpitj
CpiCtj
; (12d)
K
eq
ti tj
¼ Cti tj
CtiCtj
: (12e)
Examination of these expressions reveals they are identical
to those in Eqs. 3a and Eq. 3b derived from equilibrium
considerations alone. Solutions of these determine equilib-
rium concentrations for each species.
Recall that pitj represents the duplex formed from single
strands pi and tj, with similar deﬁnitions for the other reac-
tions in Table 1 (neglecting hairpins in single strands). Fol-
lowing are alternate forms of the expressions in Eq. 5:
dCti
dt
¼ +
s 6¼1
½krtisCtis  k
f
tis
Ctis
1 +
s;j
½ðkrtipjsCtipjs  k
f
tipjs
CtiCpjÞ
1 +
s;j
½ðkrtitjsCti tjs  k
f
titjs
CtiCtjÞ; (13a)
dCpi
dt
¼ +
s 6¼1
½krpisCpis  k
f
pis
Cpis
1 +
s;j
½krpitjsCpitjs  k
f
pitjs
CpiCtj 
1 +
s;j
½krpipjsCpipjs  k
f
pipjs
CpiCpj : (13b)
Likewise, the following are alternate forms of expressions in
Eq. 6:
dCpitj
dt
¼ +
s
½kfpitjsCpiCtj  k
r
pitjs
Cpitjs; (14a)
dCti tj
dt
¼ +
s
½kfti tjsCtiCtj  k
r
ti tjs
Cti tjs; (14b)
dCpipj
dt
¼ +
s
½kfpipjsCpiCpj  k
r
pipjs
Cpipjs: (14c)
Initial conditions for the system are Cxys ¼ 0 and Cxs ¼ 0
(i.e., all strands are initially in single-strand conformations)
and Cz ¼ C0 (i.e., initial single-strand concentrations are
given), where x, y, z represent pi or tj. If misaligned, over-
lapping states are ignored, then s ¼ 1, in the expressions in
Eq. 13. Assuming that kfx ¼ kf for all states x, then
krx ¼ kf ½Keqx 1, in analogywith the expressions in Eqs. 5 and 6.
It should be noted that, with little difﬁculty, the preceding
development can be extended to include hairpin formation in
single strands. To do this, the expressions in Eq. 5 are
amended to include the effect of hairpin formation, and rate
equations for hairpin conﬁgurations are added to the set of
expressions in Eq. 6. As a result, Eqs. 12a and 12b include
additional terms, and the expressions in Eqs. 12c–12e are
expanded. This extension has been omitted in the above
discussion for the sake of simplicity.
Further, the system in Eq. 5 allows for potential interac-
tions between distinct species of probes, i.e., the formation of
probe:probe duplexes is not precluded. Thus, the models
developed above are not speciﬁcally restricted to microarray
hybridization, but can also be applied to multichannel simu-
lations of DNA hybridization in solution. Of course, elim-
ination of probe:probe interactions from the simulation can
be achieved by the appropriate assignment of rate constants
(i.e., kfpipj ¼ 0 for all i and j).
Numerical models
Equilibrium model
Estimates of the solutions to the system of Eq. 12 can be
obtained using any standard numerical optimization pro-
gram. For example, the nonlinear least-squares optimizer
provided by MatLab’s Optimization Toolbox (58), as well as
a similar algorithm provided by the software OCTAVE (59)
have been employed with comparable degrees of success.
These algorithms were applied to the above equations, writ-
ten as a vector-valued function F on RN1M as follows
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(hairpin reactions are not considered here, but can be
included without difﬁculty):
Fi ¼ Cpi1Cpi +
M
j¼1
CtjK
eq
pitj
1 +
N
j¼1
CpjK
eq
pipj
 !
1CpiCpiK
eq
pipi
 C0pi ;
Fj ¼ Ctj 1Ctj +
N
i¼1
CpiK
eq
pitj
1 +
M
i¼1
CtiK
eq
ti tj
 
1CtjCtjK
eq
tj tj
 C0tj :
To numerically ﬁnd the roots of this system of equations, an
initial guess (or seed) must ﬁrst be made that approximates
the true solutions. If seed values are not chosen appropri-
ately, the algorithm can terminate without returning accept-
able values for concentrations of probes and targets. To
overcome this difﬁculty, an iterative process was developed
that reseeds the algorithm until an acceptable level of error is
reached in the approximate solutions. Using this process, the
equilibrium concentrations of hybridization systems of N
probes andM targets with N andM as high as 1000 have been
successfully computed. On a 3.6 GHz Pentium-IV machine
with 1 Gigabyte of RAM, the algorithm required ;45 min to
complete a 1000 3 1000 simulation.
For more accurate values, equilibrium concentrations
calculated from the Kinetic Model (see next section) can be
used as seed values for the equilibrium algorithm. Unfortu-
nately, the kinetic algorithm involves a much larger number
of equations, and due to hardware limitations this method
was not feasible for systems higher than 80 3 80. However,
for smaller systems, the combination of the two algorithms
produces highly accurate results in a reasonable amount of
computing time.
Kinetic model
The set of differential expressions in Eqs. 5 and 6 above
(again, hairpin reactions are not considered) comprise a model
of the kinetics for the reaction phase of microarray hybridi-
zation. An ODE solver written in FORTRAN was imple-
mented to ﬁnd solutions to this set of equations for kinetic
simulations up to N ¼ M ¼ 80. The number of equations
(when N ¼ M) grows like N2, and the size of the Jacobian
matrix grows like N4, making simulations of larger systems
highly memory-intensive. In Fig. 1, the computation times for
the two types of simulations (top, kinetic model; bottom,
equilibrium model) are shown. Kinetic simulations up to N ¼
M¼ 35 and equilibrium simulations up to N¼M¼ 100 were
run on a 3.6 GHz Pentium-IV CPU and 1 Gigabyte of RAM,
running Windows XP. Similar results were obtained when the
simulations were carried out on a 1.8 GHz/512 RAMmachine.
Flow chart of the calculation scheme
The ultimate aim of developing this analytical foundation is
to have the ability to diagnose each and every hybridization
reaction that can conceivably occur in a multiplex reaction
scheme. The equilibrium and kinetic models ultimately lead
to quantitative predictions of the concentrations of probe:
target complexes. Flow charts diagramming steps in the
calculational schemes for both the kinetic and equilibrium
models are shown in Fig. 2, a and b.
Although some aspects of these models are very similar,
the output produced by the two models is quite different. The
kinetic model produces a time series of all concentrations
involved in hybridization reactions, while the equilibrium
model produces only the equilibrium values of these con-
centrations (i.e., t ¼N). Ideally, the kinetic model could be
applied to any system, but computational complexity and
hardware limitations prohibit this option for very large sys-
tems. On the other hand, for large systems, full knowledge of
the concentration levels at all times is perhaps unnecessary,
and concentrations at different times before equilibrium and
the ﬁnal equilibrium values may be sufﬁcient for many de-
sired applications. In general, combined use of both models
FIGURE 1 Computation time versus number of probes and targets for the
kinetic model (top) and equilibrium model (bottom).
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is probably most appropriate and expected to produce the
best results.
EXAMPLE CALCULATIONS
Model system: deﬁnition and rationale
Our general models can, in principle, be applied to multiplex
hybridization of any number of probes and targets. In the
examples that follow, a simple model system was deﬁned to
demonstrate features of the calculation and test sensitivity to
a variety of experimental and model parameters. Although
described methods are generally applicable to systems of
arbitrary dimension, for simplicity, details of a system com-
prised of three probes and three targets (3 3 3 system) are
considered. Although relatively simple, this system demon-
strates the features of added complexity of multiplex hybrid-
ization and provides adequate resolution to reveal typical
behaviors. Two sets of sequences, set I and set II, were the
subject of model calculations. In this regard, this system is an
extension of the 2 3 2 competitive hybridization analysis
that has been reported by others (55). An added feature of our
system is the inclusion of the speciﬁc sequence-dependent
stability of perfect-match and cross-hybrid duplexes, and
corresponding consideration of the effects of sequence homol-
ogy on the hybridization process. As seen for set I in Fig. 3 a,
there is no sequence homology between the three probes or
targets comprising the set. In contrast, for set II, two probes
P1 and P2 share 50–54% sequence homology, while the
sequence P3 has only 25% homology with P1 and 30%
homology with P2. All model probe:target duplexes contain
24 basepairs.
Calculation of duplex thermodynamics
and stability
For each duplex that can form from any pair of the three
probes and three targets in sets I and II, thermodynamic
transition parameters, DH, DS, and DG, used in kinetic and
FIGURE 2 Flowcharts of the model calculations. (a) Flowchart of the kinetic model calculation. (b) Flowchart of the equilibrium model calculation.
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equilibrium model calculations, were determined from
published sequence-dependent thermodynamic parameters
(9,10,46,60–64). For each pair of strands all overlap complexes
were considered and their corresponding thermodynamic
quantities were calculated for the particular duplex sequence
at each overlap. Of these states at different alignments, the
one having the lowest calculated free energy was selected.
For this state, the total helix-coil transition thermodynamics
were calculated from the sum of appropriate nearest-neighbor
sequence-dependent parameters, where available (65). For
example, consider the following hybrid duplex sequence and
its decomposition into nearest-neighbor components of the
enthalpy, DH (mismatches are underlined):
This duplex contains eight nearest-neighbor interactions,
including single-base 59 dangling ends. The nearest-neighbor
dependent parameters, DH
AG
C
 
, DH
GC
CA
 
, DH
CG
AA
 
,
DH
GA
AT
 
, DH
AT
TA
 
, etc. for the appropriate sequences
and interactions as tabulated in Tables 2–4 were utilized.
Experimentally derived parameters for w/c perfect matched
doublets, single base dangling ends, and single basepair
mismatches were available from the published literature (46).
Nearest-neighbor tandem mismatches were assigned values
as described in Eq. 15 (see below). The actual parameter
values employed are summarized in Tables 2–4. In addition,
two initiation factors, DHinit A Tð Þ and DHinit G Cð Þ
were assigned depending on the particular identities of the
end basepairs. Values of the initiation thermodynamic param-
eters that were employed are
DHinit
A
T
 
¼2:3kcal=mol;DSinit AT
 
¼4:1kcal K1 mol1;
DHinit
G
C
 
¼0:1kcal=mol;DSinit
G
C
 
¼2:8kcal K1 mol1:
Furthermore, recall the formulas for total free energy, DG ¼
DHTDS, and Tm ¼ DH/DS, DG ¼ DH(1 – T/Tm).
For strands resulting in hybrid complexes containing
tandem mismatches, quantitative prediction of their stabilities
FIGURE 3 Sequences used in model
calculations. Mismatched sequences are
underlined. (a) Set I is comprised of
three probe and target sequences. The
probe and target sequences are inde-
pendent and do not share any homology
with one another. (b) Set II sequences
are comprised of three probe and target
sequences. Probes P1 and P2 are 50%
and 54% homologous with target
strands T2 and T1, respectively. Probes
P1 and P2 share 25 and 30% homology,
respectively, with target T3.
DH
AGCGATGA
CAATAATT
 
¼ DH AG
-C
 
1DH
GC
CA
 
1DH
CG
AA
 !
1DH
GA
AT
 
1DH
AT
TA
 
1DH
TG
AA
 
1DH
GA
AT
 
1DH
A-
TT
 
1DHinit
A
T
 
1DHinit
G
C
 
:
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is a little less certain. Although there are nearest-neighbor
parameters for single basepair mismatches for nearly all of
the possible nearest-neighbor combinations (Table 4 below)
(10), a parameter set for tandem mismatches does not
currently exist. In some of the example calculations that were
performed, the inﬂuence of the relative thermodynamic
stability of tandem mismatches was investigated. For the
purpose of example, tandem mismatches were assigned
thermodynamic parameter values that were a fraction of the
correspondingw/c basepair doublet values, i.e., the free-energy
of a mismatch basepair doublet in a tandemmismatch complex
was assigned according to
DGMM ¼ kDGPM ¼ kðDHPM  TDSPMÞ; (15)
where DGPM, DHPM, and DSPM are the free energy, enthalpy,
and entropy, respectively, for melting a hydrogen-bonded w/c
basepair doublet. The factor k was introduced as a means of
scaling values of thermodynamic parameters of mismatch
basepairs in tandem mismatches as a relative fraction of the
stability of w/c perfect matches. In examples that were
performed, tandem mismatches were treated in two ways.
They were either assumed to be minimal, k ¼ 0, or assigned
a value of k ¼ 0.5. Although consideration of tandem mis-
matches in this manner is clearly an oversimpliﬁed gener-
alization, it provided a convenient means of universally
weighting non-w/c tandem mismatch pair interactions dif-
ferently than w/c basepairs, and discerning potential effects
of tandem mismatch stability on multiplex hybridization.
Theoretical results
Single-channel versus multichannel hybridization
Our approach adds several new features to modeling of the
reaction-phase of the multiplex hybridization process. For a
multiplex mixture comprised of any numbers of probes and
targets, duplexes formed between perfect match probes and
targets, as well as all cross hybrids formed from mismatched
probes and targets, i.e., cross hybrids, are all considered
collectively in a multichannel, system approach. There are
multiple reaction channels available to every probe and target.
In addition, sequence-speciﬁc effects are considered for both
perfect match duplexes and mismatched duplexes containing
some amount of basepairing. Consideration of the potential
fractional stability of tandem mismatches and associated
stronger weighting of mismatch complexes is also included.
The multichannel reaction model is inherently more com-
plex than the more common single channel approach, where
hybridization reactions between perfect match probe:target
pairs are considered in isolation. Practically, when the single
channel model is employed, potential cross-reactions be-
tween mismatched probe:target pairs are either screened and
ﬁltered according to their degree of sequence homology, or
ignored entirely (66). For the model system comprised of
three probes and three targets that will be examined in detail,
the single-channel calculation (as so deﬁned) considers
independently the hybridization behaviors of only the three
perfect match probe:target complexes. With added complex-
ity the multichannel model considers the interdependent
behaviors of nine different duplexes, i.e., three perfectly
matched, and six cross-hybrids that contain mismatches. As
will be seen, both the kinetic and equilibrium behaviors of
the three perfect match probe:target duplexes are inﬂuenced
signiﬁcantly by added considerations inherent in the multi-
channel model.
Plots in Fig. 4, a–d, show the results of the single channel
(top panels) and multichannel (bottom panels) calculations
for a simple 3 3 3 system. Kinetic curves (duplex
concentration versus time) that are displayed were calculated
for set I (Fig. 4, a and c) and set II (Fig. 4, b and d) at 37C
for the single-channel and multichannel models. Plots in Fig.
4 also show effects of assigning differential stability to
tandem mismatches and essentially giving more weight to
cross-hybrids. Plots in Fig. 4, a and b, were obtained by
assuming the free energy of tandem mismatches as 0, i.e.,
k¼ 0, while those in Fig. 4, c and d, were obtained assuming a
universal constant factor, k ¼ 0.5 (to scale tandem-mismatch
free energies relative to normal w/c basepairs).
TABLE 2 Nearest-neighbor thermodynamic parameters for
w/c doublets (61–64)
W/C doublet Enthalpy(cal/mol) Entropy (cal/kmol)
AA 7900 22.2
AC 8400 22.4
AG 7800 21.0
AT 7200 20.4
CA 8500 22.7
CC 8000 19.9
CG 10,600 27.2
GA 8200 22.2
GC 9800 24.4
TA 7200 21.3
TABLE 3 Sequence-dependent parameters for dangling
ends (60)
Dangling
end
Enthalpy
(cal/mol)
Entropy
(cal/Kmol)
Dangling
end
Enthalpy
(cal/mol)
Entropy
(cal/Kmol)
TA/-T 6900 20.0 CG/G- 3200 10.4
AC/-G 6300 17.1 AG/-C 3700 10
CA/G- 5900 16.5 AT/-A 2900 7.6
GT/-A 4200 15.0 CC/G- 2600 7.4
CT/G- 5200 15.0 -C/AG 2100 3.9
GC/-G 5100 14.0 TG/A- 1600 3.6
TG/-C 4900 13.8 GA/-T 1100 1.6
AG/T- 4100 13.1 AA/T- 500 1.1
-C/TG 4400 13.1 TA/A- 700 0.8
CT/-A 4100 13.0 TT/-A 200 0.5
CC/-G 4400 12.6 -C/CG 200 0.1
AT/T- 3800 12.6 AA/-T 200 2.3
CG/-C 4000 11.9 CA/-T 600 3.3
-C/GG 3900 11.2 TT/A- 2900 10.4
GG/-C 3900 10.92 AC/T- 4700 14.2
TC/-G 4000 10.9 TC/A- 4400 14.9
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Examination and comparison of the plots in Fig. 4 reveals
speciﬁc features of the model calculations and how they are
inﬂuenced by sequence homology among the probes and
targets, and tandem mismatch stability. First, compare the
curves in Fig. 4, a and b (k ¼ 0). Fig. 4 a is for set I, where
there is no sequence homology between the different probe
and target sequences. In the top panel for the single-channel
calculation, three curves are shown corresponding to the
three perfect match duplexes. These curves exhibit typical
exponential behavior. Plots in the bottom panel correspond
to the multichannel calculation where colored lines are the
perfect matches and gray lines are the mismatched cross-
hybrids. Although there are nine curves generated in the
multichannel calculation for set I, the curves for mismatches
TABLE 4 Sequence-dependent thermodynamic parameters for single basepair mismatches (72)
MM Enthalpy (cal/mol) Entropy (cal/Kmol) MM Enthalpy (cal/mol) Entropy (cal/Kmol) MM Enthalpy (cal/mol) Entropy (cal/Kmol)
GC/GG 6000 15.8 CC/GT 800 4.5 GA/GT 1600 3.6
CT/GT 5000 15.8 AC/CG 700 3.8 CA/GC 1900 3.7
CG/GG 4900 15.3 AG/TA 700 2.3 AA/TC 2300 4.6
GC/TG 4400 12.3 CA/GG 700 2.3 GC/CT 2300 5.4
CG/GT 4100 11.7 AA/TG 600 2.3 AA/GT 3000 7.4
AG/GC 4000 13.2 GA/CG 600 1.0 GG/CT 3300 10.4
AG/TG 3100 9.5 TA/GT 100 1.7 CA/AT 3400 8.0
AC/AG 2900 9.8 AC/TC 0 4.4 CC/CG 3600 8.9
CT/GG 2800 8.0 TA/TT 200 1.5 GT/TG 4100 9.5
AT/TT 2700 10.8 AC/GG 500 3.2 AA/AT 4700 12.9
AT/TG 2500 8.3 AG/CC 600 0.6 CC/AG 5200 14.2
GT/CT 2200 8.4 AC/TT 700 0.2 CC/TG 5200 13.5
CC/GC 1500 7.2 GA/AT 700 0.7 GA/CC 5200 14.2
CG/TC 1500 6.1 AG/TT 1000 0.9 AC/TA 5300 14.6
TT/AG 1300 5.3 TT/AC 1000 0.7 GG/TT 5800 16.3
AT/TC 1200 6.2 AA/TA 1200 1.7 CA/CT 6100 16.4
AG/AC 900 4.2 TA/CT 1200 0.7 AA/CT 7600 20.2
FIGURE 4 Kinetic plots (time versus concentration) for the 33 3 systems comprised of sequence sets I and II (Fig. 4) at constant temperature, 37C. Curve
assignments are given in the individual ﬁgures. (a) Set I. Single-channel (top) and multichannel calculation (bottom). (b) Set II. Single-channel (top) and
multichannel calculation (bottom). Curves in panels a and b were generated assuming a minimal contribution of tandem mismatches to cross-hybrid duplex
stability (k ¼ 0). (c) Set I. Single-channel (top) and multichannel (bottom) calculations assuming tandem mismatch stability is comparable to w/c basepair
doublet stability (k ¼ 0.5). (d) Set II. Single-channel (top) and multichannel (bottom) calculations. All curves were generated assuming negligible stability for
tandem mismatches (k ¼ 0.5).
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(or cross-hybrids) lie along the horizontal axis and are not
visible. As seen by comparison of the curves in the upper and
lower panels of Fig. 4 a, for set I, kinetic curves for the
perfect match duplexes are essentially identical in both the
single-channel and multichannel calculations, and display
the typical exponential behavior. The comparison in Fig. 4 a
shows when there is no sequence homology between the
different probe and target strands, and there is no extra
weighting for tandem mismatches (k ¼ 0), the single-channel
and multichannel results for the perfect match duplexes are
indistinguishable.
Calculated kinetic curves for set II are shown in the upper
and lower panels in Fig. 4 b. Recall that, in set II, probes
1 and 2 share at least 50–54% sequence homology with
targets 2 and 1, respectively, and probe 3 is 25% homologous
with targets 1 and 2. Kinetic curves in the upper panel of Fig.
4 b are from the single-channel calculation and exhibit
typical exponential behavior.
In the multichannel calculation for set II, behavior of the
curves displayed in the lower panel of Fig. 4 b contrasts to
what was observed for set I. In the multichannel calculation,
when k ¼ 0, kinetic curves for the perfect match duplexes of
set II differ considerably from those obtained in the single-
channel calculation. In this case, concentrations of the
perfect match complexes, P1:T1 and P2:T2, do not increase
as rapidly as in the single-channel calculation (upper panel,
Fig. 4 b) and take longer to level off to equilibrium values.
Apparently, due to the reduction of available single strands
from competition with cross-hybrids, particularly at early
times, the perfect match complexes reach equilibrium more
slowly, and achieve lower equilibrium values at comparable
times. This is evident from the kinetic curves in Fig. 4 b for
the dominant mismatch complexes, P1:T2 and P2:T1 (black
and orange lines in the lower panel of Fig. 4 b), which
increase at early times attaining concentrations comparable
with the perfect matches, then decrease exponentially to their
equilibrium concentrations. The extent to which the compe-
tition for resources affects formation of the perfect match
hybrids depends directly on the amount of sequence homol-
ogy among the strands. Note that, for set II, the perfect-match
complexes, P1:T1 and P2:T2, approach equilibrium much
more slowly than the P3:T3 complex. Consistent with this
scenario, the P3:T3 complex suffers less dramatic effects of
cross-hybridization. The P3 and T3 strands share only 25%
homology with the other strands. Consequently, more of
them are available to form the perfect-match complex
resulting in much faster approach to equilibrium than the
other perfect match complexes. The curves for the P1:T2 and
P2:T1 cross-hybrids (black and orange lines in plot in lower
panel, Fig. 4 b) bracket the values for the perfect matches
P1:T1 and P2:T2 at very early times, but then decrease
exponentially with time to reach equilibrium. Some of these
curves demonstrate a stark departure from the kinetic be-
havior seen thus far. Apparently, competition from mis-
matches reduces the amount of corresponding perfect matches
containing the same strands. In Fig. 4 b the curves for the
P1:T2 and P2:T1 mismatches are the only ones visible on
the scale of perfect matches. In summary, when tandem mis-
matches have marginal stability (k ¼ 0), cross-hybrid forma-
tion is largely dominated by the amount of sequence homology
shared by the probe and target strands.
When tandem mismatches have a signiﬁcant fraction of
the stability of normal w/c basepairs, k ¼ 0.5 (Fig. 4, c and
d), results are much more dramatic. For sets I and II, in the
single-channel calculation, assigning more stability to tan-
dem mismatches has no effect, since mismatch cross-hybrids
are not considered. As a result, for the single-channel
calculations, when k ¼ 0.5 for sets I and II (upper plots in
Fig. 4, c and d), plots are identical to those in Fig. 4, a and b,
respectively. However, in the multichannel calculation,
when k¼ 0.5, cross-hybrids are given more stability. Because
of increased competition from mismatches, all the perfect
matches reach lower equilibrium values much more slowly
than in the single-channel model calculation. When k ¼ 0.5,
some mismatches are actually found to reach higher concen-
trations than the perfect matches (which seems unlikely).
Note that all perfect-match complexes reach lower equilib-
rium values than observed in the single-channel calculation.
The scale of the plot is different in order to help visualize the
qualitative behavior. Plots in the bottom panel of Fig. 4 c for
set I underscore the signiﬁcant effects of tandem mismatch
stability on the multiplex hybridization process, even when
no sequence homology exists between the probes and targets.
In effect, stable cross-hybrids compete for the perfect-match
probe and target strands. As a consequence of this compe-
tition and resulting resource depletion, the perfect-match
complexes approach equilibrium much more slowly in the
multichannel calculation compared to the single-channel
calculation.
For set II, when k ¼ 0.5 (lower panel of Fig. 4 d),
competition from additional cross-hybrids formed with the
aid of sufﬁcient sequence homology acts to decrease levels
of the perfect matches and the most signiﬁcant cross-hybrids,
compared to what was observed in the bottom panel of Fig. 4
b. In a dynamic sense, sequence homology and heightened
stability of tandem mismatches acts to increase concentra-
tions of all mismatch cross-hybrids. Only one hybrid
complex (P3:T1) displays contrasting behavior, ﬁrst attain-
ing levels of the perfect-match duplexes, then decreasing
exponentially to equilibrium. Note that there are only two
mismatch complexes observable in Fig. 4 b, bottom panel.
This enhanced cross-hybridization acts to decrease rates of
hybridization for perfect match complexes (which must
compete for resources with the cross-hybrids). Under this
environment the equilibrium concentrations of the perfect
match duplexes are also depressed.
In summary, assigning signiﬁcant stability to tandem
mismatches (k ¼ 0.5) has a much larger effect on the kinetic
behaviors and distributions of equilibrium concentrations of
the perfect-match duplexes than sequence homology, which
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also enhances cross-hybridization. Although probably some-
what unrealistic in that the magnitude of tandem-mismatch
interactions is surely not so large in all cases (as has been
assumed), this example helps us discern the interrelated
effects of sequence homology and tandem-mismatch stabi-
lization. It further demonstrates relative sensitivity of the
calculations to inﬂuences of different potential sources of
cross-hybridization. Examples in Fig. 4, b and d, also reveal
a different type of kinetic behavior of some mismatch
complexes. In contrast to the typical exponential behavior,
these curves increase rapidly then decrease exponentially.
This behavior was further revealed when the temperature-
dependence of the kinetic behavior for the perfect-match and
mismatch complexes present in the 3 3 3 system was
examined.
Effects of temperature
Effects of temperature on the kinetics of two-strand complex
formation are depicted in Fig. 5. Each of the nine plots shown
FIGURE 5 Kinetic plots (time versus concentration) for the 33 3 systems comprised of sequence sets I and II (Fig. 4) as a function of temperature from 37
(yellow) to 97C (red). (a) Set I. Single-channel calculation (top panel) and multichannel calculation (bottom panel). Columns are probes, rows are targets.
Thus, the upper-left plot in either panel corresponds to the P1:T1 complex, while the third column, second-row plot is for the P2:T3 complex. (b) Set II. Single-
channel calculation (top panel) and multichannel calculation (bottom panel). All curves were generated assuming negligible stability for tandem mismatches
(k ¼ 0).
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in the panels of these ﬁgures are of duplex concentrations
versus time for the different probe:target complexes (probes
are rows, targets are the columns) at different temperatures.
Predictions from the single-channel (top) and multichannel
(bottom) model calculations are shown. Plots on the diagonal
are for the perfect matches, and off-diagonal plots are cross-
hybrids. For example, the plot in the upper-left corner is for
the P1:T1 complex (concentration versus time of the perfect-
match complex formed from probe 1 and target 1). The plot
in the ﬁrst row, second column corresponds to the P1:T2
complex, and is the concentration as a function of time of the
cross-hybrid complex formed from probe 1 and target 2.
Likewise, the plot in the second row, third column is for the
P2:T3 complex, the concentration versus time of the cross-
hybrid formed from probe 2 and target 3. In each case, tem-
perature was varied over the 60 range from 310 K (yellow)
to 370 K (red). Note that the scales in the plots of Fig. 5 are
not all equal. Different scales were used to emphasize and
compare qualitative behaviors.
Results of the calculation for set I (no sequence homology)
are shown in Fig. 5 a. For this set of sequences, results from
the single-channel calculation are unremarkable. Plots
display familiar exponential behavior with the concentration
of complexes increasing with increased temperature. Cross-
hybrids are not considered in the single-channel calculation,
thus, only plots along the diagonal appear at the top of Fig. 5,
a and b. In the multichannel calculation, cross-hybrids
(off-diagonal plots) are signiﬁcant and display essentially the
opposite behavior of the perfect-match complexes. As tem-
perature is increased (from yellow to red), the mismatches
initially at high concentrations (in some cases at or near the
perfect match concentrations) decrease exponentially with
increasing time.
As shown in Fig. 5 b, results are different for the set II
sequences that share from 25 to 54% homology with one
another. For the single-channel calculation, results are es-
sentially identical to what was observed for set I. However,
in the multichannel calculation, sequence homology has a sig-
niﬁcant effect on the cross-hybrids containing that homol-
ogy. In particular, the curves in Fig. 5 b for the P1:T2 and
P2:T1 that share at least 50% homology are considerably
different than seen in Fig. 5 a, where the sequences share no
sequence homology. In essence, the kinetic behavior and
level of cross-hybridization seen in these plots indicates the
level of sequence homology present in the complexes.
A notable observation emerges from this analysis. The
kinetic plots for the P1:T2 and P2:T1 complexes obtained
from the multichannel calculation display two distinctly
different behaviors. Similar observations were also made for
these mismatches in the multichannel calculation (bottom
panels of Fig. 4, b and d). These contrasting behaviors are
referred to as ‘‘overdamped’’ and ‘‘critically damped’’
because of their similarity with the behavior of damped
harmonic oscillators. For overdamped behavior, the con-
centration of hybridized complexes ﬁrst increases at early
times, then decreases exponentially with time, and levels off
smoothly to some equilibrium value. In contrast, for crit-
ically damped behavior (what is typically observed) the hy-
bridized concentration increases with time exponentially and
converges to a constant value. In certain cases, depending on
the temperature, both types of behavior can be observed for
the same complex. The transition from critically damped to
overdamped behavior seems to occur as temperature is in-
creased, relative to the melting temperature Tm, for that par-
ticular complex. It can be shown that the maximum value of
an overdamped duplex (one that increases at ﬁrst, then de-
creases to an equilibrium value) is an unstable local equi-
librium for the subsystem consisting of only that duplex and
its probe:target pair. The exact mechanism underlying these
observations, and when each type of kinetic behavior might
be expected, is currently under investigation (D. J. Fish and
A. S. Benight, unpublished).
In summary, effects of temperature on hybridization kinetics
of mismatch complexes are manifest in two distinguishable
kinetic regimes, termed ‘‘critically damped’’ and ‘‘over-
damped’’. Which regime is occupied depends strongly on the
relative stability of the hybrid duplex, i.e., the melting tem-
perature of the complex relative to the assay temperature, and
homology (cross-reactivity)with other sequencesof the system.
Effects of differential strand concentrations
The inﬂuence of strand concentration and sequence homol-
ogy on both the single channel and multichannel calcula-
tions, for sets I and II, is shown in Fig. 6. To explore the
interdependent effects of concentration and sequence ho-
mology, three different scenarios were considered. In the ﬁrst
case (Fig. 6 a), concentration of target 1 was set to be 100
times higher than that for targets 2 and 3. In the second case
(Fig. 6 b), concentration of target 2 was 100 times higher
than targets 1 and 3. And in the third case (Fig. 6 c),
concentration of target 3 was 100 times higher than targets
1 and 2. In each case, probe concentrations were equal to the
concentration of the two lesser concentrated targets. On the
plots in Fig. 6, multichannel calculations for set I (left) and
set II (right) are displayed. Upper curves, provided for
comparison, are the same in Fig. 6, a–c, and correspond to the
situation in the multichannel calculation when concentrations
of all strands are equal. In all cases, temperature was 315 K.
When all probe and target concentrations are equal for set I
(top left, Fig. 6, a–c), the cross-hybrids all display the same
decaying behavior in time, and are similar. The P1:T1 and
P2:T2 perfect-match complexes form faster than P3:T3, and
reach the equilibrium concentrations faster. When there is
sequence homology among the probes and targets (set II), the
situation is more complicated. Even at equal concentrations
of probes and targets, sequence homology of the P1:T2 and
P2:T1 complexes in set II results in considerable cross-
hybridization. Note the upper left and right off-diagonal plots
for these complexes, which are comparable with the perfect-
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match complexes P1:T1 and P2:T2. At a 100-times’ greater
concentration for T1 compared to T2 and T3 (Fig. 6 a, lower
right), the P2:T1 cross-hybrid is greatly enhanced, but not
the P1:T2 cross-hybrid. For formation of the perfect-match
complexes, the P1:T1 perfect match reaches the highest
equilibrium value as does the P2:T1 cross-hybrid. In
contrast, the P1:T2 cross-hybrid and P2:T2 perfect-match
reach much lower equilibrium values. Here again is a case of
resource depletion affecting the outcome of the process. The
higher concentration of T1 depletes the amount of P1 and P2
through formation of the P1:T1 and P2:T1 complexes. As a
consequence of this resource depletion, there is less of P1 to
form the P1:T2 cross-hybrid or P2 to form the P2:T2 perfect
match complex, resulting in their relatively lower (compared
to P1:T1 and P2:T1) equilibrium concentrations.
The situation is similar when [T2] ¼ 100 [T1] ¼ 100 [T3]
(Fig. 6 b). For set I, the remarkable effect is to speed up
duplex formation with increased equilibrium concentration
of the P2:T2 perfect-match complex and the P3:T2 cross-
hybrid complex. For set II, the P2:T2 perfect-match complex
and the P2:T1 and P1:T2 cross-hybrids reach the highest
equilibrium values. The P3:T1 and P3:T2 cross-hybrids also
increase. These results are entirely analogous to those
displayed in Fig. 6 a, except the complexes dominated by
T2 (P1:T2 and P2:T2) have the highest rates of formation
and reach the highest equilibrium values. The P3:T2 cross-
hybrid also increases. Meanwhile, the P1:T1 and P2:T1
complexes, although they form faster, reach lower equilib-
rium values. Here, depletion of P1 and P2, through formation
of the P1:T2 cross-hybrid and P2:T2 perfect match, respec-
tively, driven by the relatively higher concentration of T2,
results in lower equilibrium values of the P1:T1 and P2:T2
complexes. The above interpretations are validated by the
plots in Fig. 6 c. Here, T3¼100 [T1]¼100 [T2]. Recall, in
this case, T3 and P3 share only 25% homology with the other
probes and targets in set II. As observed for the other
situations, the effect of increasing T3 is to increase the rate of
formation and ﬁnal equilibrium value of the P3:T3 perfect-
FIGURE 6 Kinetic plots (time versus
concentration) for the 3 3 3 systems
comprised of sequence sets I and II
(Fig. 3) as a function of differential
target concentrations at constant tem-
perature, 42C. Results from the multi-
channel calculation for set I are on the
left, set II on the right. In the panels that
are shown there are nine different plots.
In these plots, columns are targets and
rows are probes. Thus, the plot in the
second column, third row corresponds
to the P3:T2 complex, etc. Top panels
are results when concentrations of the
target and probe strands are all equiv-
alent and are replicated in each ﬁgure
for comparison. Bottom panels corre-
spond to results obtained in the multi-
channel calculation for set I (left) and
set II (right) when: (a) concentration of
target 1 is 100 times that of the other
target and probe strands, i.e., [T1] ¼
100 [T2] ¼ 100 [T3]; (b) [T2] ¼ 100
[T1] ¼ 100 [T3]; and (c) [T3] ¼ 100
[T1] ¼ 100 [T2].
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match complex. However, there is apparently little effect on
formation of the cross-hybrids (regardless of sequence
homology). Effects of resource depletion due to cross-hybrid
formation are not observed for the higher (more nonhomol-
ogous) T3 target concentration.
Results of increasing the concentration of one of the target
strands can be summarized as follows. Sequence homology
alone has the largest effect on the cross-hybrid kinetics, but
higher concentration of one strand enhances formation of
perfect-match and cross-hybrid complexes. Formation of
these complexes, driven by the strand in excess concentra-
tion, then acts to deplete the strands it binds from the
reaction, thus reducing formation of other cross-hybrids or
even perfect-match complexes.
COMPARISONS WITH PREVIOUS WORK
In similar ways from different perspectives, several authors
have approached the problem of deﬁning hybridization error
(41,61–74). The following provides brief descriptions and
comparisons of some of these approaches, and how results gen-
erated from them compare with ours. In some cases, our re-
sults are identical; for others, some differences are observed.
Quantiﬁcation of degeneracy and
hybridization error
Rose and co-workers introduced the concept of hybridization
error (67–72). Their approach is based on deﬁnition of the
‘‘computational incoherence.’’ However, their deﬁnition did
not take into account certain effects of concentration. It will
be seen that consideration of concentration effects can have
signiﬁcant consequences on the hybridization error. This is
clearly evident from the plots shown below in Fig. 7, where
the calculated error determined with and without concentra-
tion considerations is plotted versus temperature (explained
below). For multiplex hybridization reactions, the probabil-
ity of error was deﬁned (68,72) as
FIGURE 6 Continued
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Perror ¼ concentration of error configurations
concentration of all configurations
: (16)
A description of different estimates of error made by
Rose and co-workers (61,71) follows. Denoting a duplex
conﬁguration formed from single strands pi and tj as pitj, de-
ﬁning E as the set of all error duplexes, and invoking the
deﬁnition in Eq. 16, the error may be written as
Perror ¼
+
pitj2E
Cpitj
+
i;j
Cpitj
¼
+
pitj2E
CpiCtjKpitj
+
i;j
CpiCtjKpitj
¼
+
i6¼j
CpiCtjKpitj
+
i;j
CpiCtjKpitj
; (17)
where Kpitj ¼ expð
DG0pitj
RT
Þ is the equilibrium constant for the
reaction involving formation of the duplex i, j. A further
assumption imposed by these authors is that the concentra-
tion of single-strand species is small relative to the concen-
tration of hybridized strands, so that Ci , , Ci. Invoking
this assumption in Eq. 17 leads to a simpliﬁed expression, as in
Perror ¼
+
pitj2E
Kpitj
+
i;j
Kpitj
¼
+
i6¼j
Kpitj
+
i;j
Kpitj
: (18)
Furthermore, the following assumptions are also invoked
(61,71):
1. Probes are present in equal and excess concentrations of
targets.
2. Total equilibrium constants for target:target, probe:probe,
and partial overlap conﬁgurations are small relative to the
full length (designed) target:probe pairs.
3. Equilibrium constants of all mismatch target-probe pairs
are small relative to the perfect-match equilibrium con-
stant, i.e., Kpitj  Kpktk for all k and i 6¼ j.
4. Equilibrium constants of hairpin formation for each
probe and corresponding target are roughly equal, i.e.,
K
hp
ti  Khppi .
With these additional assumptions, Eq. 18 becomes
FIGURE 6 Continued
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Perror ¼
+
i
11Khppi
ð11Khppi Þ
21CtKpiti
+
j6¼i
Kpitj
11Khptj
 !
+
i
Kpitj
ð11Khppi Þ
21CtKpitj
 ! ; (19)
where Ct is the average strand concentration of each target
species. A comparison of the different forms of the errors
given in Eqs. 4a and 4b is shown in Fig. 7, where error is
plotted versus temperature.
Results of a comprehensive treatment of error using Eq. 17
and concentration values obtained from the equilibrium
model (described above) are shown by the solid line in the
Fig. 7. The dashed line shows the error when concentrations
are computed using the equilibrium model neglecting hair-
pins. The dot-dashed line is a plot of Eq. 18, which assumes
the concentration of single-strand species is small relative to
the concentration of hybridized strands. The dotted line
corresponds to Eq. 19. Note, in the region from 360 to 375 K,
all the error functions are essentially equivalent. In contrast,
outside this range they differ, in some cases, considerably.
Simultaneous solutions of the equilibrium model
Siegmund and co-workers (75) reported solutions to the
Equilibrium Model equations essentially as given in Eqs. 10
and 11. With direct applications to microarray sequence
design and analysis, their ‘‘hybridization calculator’’ has
been packaged in a suite of publicly available routines called
CHIPCHECK. CHIPCHECK combines multidimensional
and optimized Newton’s methods (75) to solve the system of
coupled nonlinear equations essentially as written in Eqs. 4a
and 4b. Although our approach is practically identical to that
of CHIPCHECK, there are several somewhat subtle differ-
ences worth noting. First, our approach is more generally
complete in that the ‘‘standard’’ version of CHIPCHECK
does not consider the possibility of either hairpin formation
in single strands, or target:target duplexes (although these
authors have advertised availability of a b-version that
includes the potential for target:target duplexes). Second, in
our approach both the probe and target concentrations are
generally considered. In CHIPCHECK, target concentrations
are considered to be in solution, but probe concentrations are
considered strictly in terms of the number of probe molecules
attached to a ﬁxed volume (probe density) on the surface.
Probe concentration is deﬁned according to attachment of
the number of probes per volume, V, on the surface. That is,
the authors deﬁne total target concentration in the same way
we do, i.e., as C+ti , but probe concentration is deﬁned as
C+pi ¼ ni=V. Using Eqs. 4a and 4b, and the equilibrium
constants, Keqtipj ¼ Kij, yields
Cti 11
1
V
+
j
nj
Kij
11 +
l
KjlCtl
0
B@
1
CA1C+ti ¼ 0;
which is in precise agreement with Eq. 7 of CHIPCHECK
(75). After appropriate consideration of the probe concen-
trations, results of our approach can be compared directly to
those obtained by CHIPCHECK. Since the two models are
essentially the same it should be expected that, given the
same input, they would produce identical results. Not sur-
prisingly, as the comparisons described below indicate, there
are only subtle differences. Although these differences are
small, they can perhaps be partly explained by the inherent
variance in robustness of the ﬁtting algorithms that were
employed.
Comparison 1
The ﬁrst comparison concerned an 8 3 8 microarray with
initial probe concentration ¼ 4 3 1015 mol/L, initial target
concentration 2 3 107 mol/L, and temperature 298.15 K.
Appropriate DG values for the sequences were supplied by
CHIPCHECK. Two simulations were run. The ﬁrst simula-
tion ignored target:target duplexes, while the second
included them. Duplex concentrations obtained from
CHIPCHECK and from both our equilibrium and kinetic
model calculations were normalized to unit length, and then
compared by determining the norm of the difference s,
between results. For the ﬁrst comparison (ignoring target:-
target duplexes), this norm was s ¼ 6.0318908 3 104 for
the equilibrium model, and s ¼ 6.0315873 3 104 for the
kinetic model. When target:target duplexes were included in
the calculations, the error was s ¼ 1.111409345 3 102,
and s ¼ 1.111407571 3 102 for the equilibrium and
kinetic models, respectively. Evidently, there is very little
FIGURE 7 Comparison of estimates on hybridization error. Plots of the
predicted error obtained from Eq. 17 of the text, under four different
assumptions as a function of temperature from 300 to 400 K. (Solid line, full
model; dashed line, full model minus hairpins; dot-dashed line, T2, Eq. 18;
and dotted line, T3, Eq. 19.)
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difference between results obtained by CHIPCHECK and
our equilibrium and kinetic models for the 8 3 8 system.
Comparison 2
In the second comparison, duplex concentration was calcu-
lated for ‘‘example 3’’ on the CHIPCHECK website (75), in
which 42 target-strands were hybridized to 100-probes
spots. In this case, the normalized difference was s ¼
2.05869 3 105 for the equilibrium model (ignoring target:
target duplexes). For this larger system, differences between
the CHIPCHECK results and our model calculations were
even smaller than those observed for the 8 3 8 systems. It is
not surprising that results of CHIPCHECK and our model
calculations are in close agreement, as the same parameters
were employed for both calculations. These comparisons
show the validity of predictions of duplex equilibrium con-
centrations obtained from both our equilibrium and kinetic
models, and show equivalence with concentrations predicted
by the equilibrium model used in CHIPCHECK.
Statistical mechanical approaches to
probe design
There have been several reports (11,46) on developments of
multistate models for predicting hybridization and melting of
duplex DNAs. As employed, their deﬁnition of ‘‘multistate’’
requires clariﬁcation and should be distinguished from the
term ‘‘multiplex’’ as used herein. The aforementioned
multistate models were developed with a particular focus
on consideration of intramolecular structure (hairpin) for-
mation in single strands and the relative inﬂuence of hairpin
stability on duplex melting and hybridization. Essentially, in
the multistate model, every pair of strands deﬁnes a system.
For each system, the partition function is constructed
considering multiple conﬁgurations that could be adopted
by the two strands of the system. These include intramolec-
ular hairpins that can form in the individual single strands,
intermolecular dimers of the probe or target strands, and the
bimolecular duplex. This is quite different from multiplex
behavior as described here. In the multistate models
described above, even though multiple conﬁgurational states
for each pair of strands are considered, the collective
behaviors of all possible reactions that can occur between
different strands in a multiplex environment are not. In these
approaches, hybridization of multiple strands is assumed to
occur in a single-channel manner. Thus, the multistate ap-
proach, although perhaps more accurate for hybridization
and melting of two-strand systems, does not provide for real-
istic design and analysis of multiplex hybridization reactions.
Kinetics of multiplex hybridization
A number of experimental and theoretical studies of the
kinetics of short DNA oligomer hybridization have been
reported (12–14,16–23). For the most part, these theoretical
approaches were developed along the lines of the single-
channel model. As has been reported, kinetic curves of
duplex concentration versus time obtained from the single-
channel model display typical exponential approaches to
equilibrium values. Our results for the single-channel model
calculations (described above) are entirely consistent with
those that have been reported.
Despite the apparent need, relatively few analytical treat-
ments of multiplex hybridization have been developed. Lim-
ited studies that have been performed considered inherent
complexities of multiplex reactions, such as competition
between different probes and targets, and effects of resource
depletion on hybridization of perfect-match complexes
(55,56). Two studies are particularly pertinent, whose results
are in several ways comparable with ours using the multi-
channel model (demonstrated in our 333 examples given
above). A brief summary of these results and some compar-
isons follow.
In the ﬁrst study by Graves and co-workers (55), the
different reactions that can occur within a simple system,
comprised of two probes and two targets, were described. It
was assumed that the target concentration was relatively large
compared to the probe concentration, and an expression was
derived for the dependence of duplex concentrations on time.
Kinetic equations for the general cases of one or two targets
competing for one or two probe sites were approximated
using theMathematica T software package. Simulations were
used to examine the inﬂuence of different values for the
forward and reverse kinetic rate constants. The model did not
consider the thermodynamic stability of duplexes, hairpin
formation, or target:target duplex formation.
Probe concentration was deﬁned in terms of the surface
area and probe density, in a manner similar to the way the
authors of CHIPCHECK (75) deﬁne probe concentrations.
Diffusional barriers were not considered, i.e., all probes were
assumed to be accessible for target interactions (as we have
also assumed). For the case of a single target interacting with
two probes (one a perfect match, the other a mismatch),
results showed that target molecules do not partition between
perfect and mismatch complexes in proportion to their dis-
sociation constants. Once hybridized in a mismatch com-
plex, it is virtually impossible for most of the targets to ﬁnd
their perfect matches. Furthermore, when it is possible for
targets to interact with more than one probe on the surface,
simple exponential approaches to equilibrium, as seen for a
single duplex, are not observed. Relative abundance of two
hybrid duplexes that can form simultaneously, changes
dramatically with time; so much so, that mismatches can be
temporarily present in relatively greater amounts than the
perfect match. For this reason, the time over which a hy-
bridization reaction is allowed to occur before washing,
ﬁxing, and analysis may be critical. The actual time duration
of the hybridization kinetics is uncertain and must await
calibration from experimental hybridization studies conducted
as a function of time.
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Results of this study indicate that if the mismatch and
perfect match duplex equilibria are similar, they will exist in
similar concentrations. This, combined with the situation
when mismatch targets are in much higher concentration than
perfect-match targets, makes cross-hybridization between
mismatched probes and targets especially problematic. As
we have shown, the relative sequence homology and stability
of mismatch complexes can also affect the time-dependence.
The authors also provided analysis of the wash step, which
we did not consider in our analysis. From values of the
binding constants for duplexes and the value of the wash
volume, approximate values for an optimum wash time were
estimated. This points out the signiﬁcance of the wash step.
In a subsequent study, Bishop et al. (56) reported analysis
with a more sophisticated kinetic model that included
diffusion of target strands and their binding reaction kinetics
with probes on a surface. The analysis considered both mass
transport and kinetic reactions. In this approach, the overall
rate of hybridization was assumed to be determined by the
integrated action of two independent processes: transport and
reaction. Transport regards the delivery of targets to the
surface as governed by Fick’s law (neglecting convection).
Once targets reach the reaction zone, hybridization is
governed by reaction hybridization kinetics (the part of the
process considered in our development). A major ﬁnding of
the study showed that at high concentrations of target, the
overall reaction was dominated by hybridization reaction
kinetics (mass action transport was not a large factor). Not
surprisingly, at low target concentrations, mass transport was
the dominant component of the reaction.
In our development, we have only addressed the reaction
kinetics portion of the process, and although the reported
reaction kinetic portion of the model is similar to ours, theirs
does not consider the potential for hairpin or target:target
duplex formation. Furthermore, energetics of duplex com-
plexes were assigned in an ad hoc manner. The multiplex
scenario considered was for one probe interacting with two
targets. Their analysis found a two-phase process. At early
times, where amounts of bound targets are much lower than
available probes, both matched and mismatched species bind
independently. At later times, when the amount of bound
complexes is comparable to the amount of free probes,
perfect-match complexes gradually displaced mismatched
species from the probes. This displacement was attributed to
relatively higher stability of the perfect-match duplex, which
causes a signiﬁcantly lower value of its dissociation constant
compared to the mismatch. Since competition is considered
in the model, higher relative concentrations of the mismat-
ches cause longer times to reach equilibrium. In early times,
mismatches are the dominant hybridized species because
they exist in higher concentration. In later stages, the rate of
mismatch displacement by the perfect match is dominated by
the rate of mismatch dissociation.
These studies of simple model systems have clearly
demonstrated the importance of considering the effects of
competitive hybridization in a multiplex mixture, and have
laid important groundwork for our investigations. There are
several new and distinguishing features in our approach:
ﬁrst, effects of sequence homology; second, explicit consid-
eration of potential effects of mismatch stability; and third,
the model development is general, in that any system of
arbitrary size can be similarly treated (limited only by hard-
ware capabilities). As summarized below, our results are con-
sistent with those that have been previously reported, and
build on the foundation established by previous studies.
CONCLUSIONS
We have developed a general analytical description of the
equilibrium and reaction kinetics of DNA multiplex hybrid-
ization reactions. Generally applicable mathematical expres-
sions are presented that thoroughly describe the equilibrium
and kinetic behaviors of any multiplex system consisting of
any numbers of probes and target strands. Numerical
solutions to this system for both equilibrium and kinetic
behaviors are provided. Although diffusional barriers (and
resulting consequences), have not been implemented in the
development, we have assumed (as have others) that targets
are equally accessible for reactions with all probes. Testing
of this assumption, proper parameterization, and demon-
strated precision and accuracy improvements provided by
our multiplex model approach must await completion of the
acquisition and analysis of experimental multiplex hybrid-
ization data (M. T. Horne and A. S. Benight, unpublished).
In addition to being completely general in our approach
we have considered explicit sequences of targets and probes
involved in the reactions. Incorporation of sequence-depen-
dent stability of all perfect-match and mismatch-duplex
complexes is a major feature. Potentially signiﬁcant inﬂu-
ence of tandem-mismatch stability and resultant relative
stabilization of cross-hybrid complexes was also explored.
Again, the actual importance and quantitative sequence de-
pendence of tandem-mismatch thermodynamics must await
evaluation of a generally applicable database of sequence-
dependent parameters for tandem mismatches.
In summary, results of our study reveal four interdepen-
dent factors that strongly inﬂuence multiplex hybridization
behaviors. These are:
1. Relative concentrations of all probes and targets. As the
numbers of probes and targets increase, hybridization
kinetics increase but mismatch complexes can effectively
compete with perfect matches and dominate perfect
matches through consequences of resources depletion
achieved through several means. For example, if the
concentration of one ormore targets is signiﬁcantly higher,
occurrence of mismatch states preferred by sequence
homology, or increases in relative stability of tandem
mismatches, acts to deplete the amount of perfect-match
probe available for correct hybridization.
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2. Relative thermodynamic stability of all perfect-match and
mismatch complexes is critical to determining the type of
diagnostic behavior being displayed.
3. Sensitivity of the calculation to temperature, particularly
for the mismatches, suggests a diagnostic metric. At
relatively early times, perfect matches increase as do
mismatches. At intermediate times, the behavior of
perfect matches and mismatches diverge. That is, perfect
matches proceed along the critically damped coordinate,
increasing at ﬁrst, then exponentially approaching a
constant equilibrium value; mismatches proceed along
the overdamped coordinate where their concentrations
initially increase, then decay exponentially to equilibrium
values. The transition from one regime to another and
how this relates to sequence homology and stability of
mismatches is not yet totally clear. What is clear is that
the predicted behavior, if experimentally veriﬁed, provides
a new metric for analysis and diagnosis of sequence-
dependent hybridization.
4. Amount of sequence homology shared by the probe and
target strands in the multiplex mix, strongly inﬂuences
both equilibrium and kinetic hybridization behavior.
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